(1999), using the model of Turcotte (1986) and Tyler and Wheatcraft (1992) , also found that three domains 
Multifractal methods have been applied in many areas of applied sciences. Muller and McCauley (1992) used multifractal for characterization of pore systems in rocks.
A soil PSD is one of the fundamental properties Kropp et al. (1994) quantified spatial variability in biocharacterizing a soil. Information on PSD defined active marine sediments. Appleby (1996) characterized as a combination of clay, silt, and sand contents, is often distribution patterns of the human population, and reduced to a textural class (Soil Survey Division Staff, Cheng and Agterberg (1995) described the underlying 1993). Soils grouped in a textural class, however, exhibit spatial structure of Au mineral occurrence using multia wide range of PSD, making the information contained fractal models. On the other hand, there are few studies in a textural triangle suitable only for general classificausing multifractal methods to characterize soil propertion purposes.
ties. Most of the applications are related to the spatial Different functions are used to fit detailed experimenvariability of soil properties (e.g., surface strength) (Fotal data on PSD (Buchan et al., 1993) . Many of these lorunso et al., 1994) , hydraulic conductivity (Liu and Molz, functions are based on a power-law dependence of parti-1997) , and various soil properties (Kravchenko et al., cle mass on particle diameter (Turcotte, 1986) . Such 1999) . Recently, Martin and Taguas (1998) suggested the power-law dependence has been interpreted as being entropy dimension, D 1 , as a useful parameter for classifythe result of a fractal distribution characterized with ing soil texture within the classical textural triangle. a single fractal dimension (Matsushita, 1985; Turcotte, Grout et al. (1998) applied multifractal techniques to 1986; Tyler and Wheatcraft, 1992) . Other results, howthe study of PSDs, but their analyses were limited to ever, have shown that a single fractal dimension is not three size distributions of mostly clayey soils. Without sufficient to describe PSD in soil (Wu et al., 1993 ; Grout a more comprehensive study it is difficult to assess the et Bittelli et al., 1999) . Wu et al. (1993) comapplicability of the multifractal model to the description bined several methods to obtain particle sizes ranging of PSD in soils. from 0.02 m to several millimeters. They identify three
The objective of this work was to apply multifractal domains with different power exponents. Bittelli et al. methods to the characterization of contrasting soil PSDs, and to identify trends in the multifractal parameters
The f(␣) spectrum and the generalized dimensions contain the Theory same information, both characterizing interwoven ensemble Multifractal models provide more information about a disof fractals of dimension f(␣ i ). In each of the i th fractals, the tribution of a physical system than fractal models (Voss, 1988) .
observable P i scales with the Lipschitz-Hö lder-exponent ␣ i . A brief overview of multifractal theory is presented here, but
The generalized dimensions for q ϭ 0, q ϭ 1, and q ϭ 2 more detailed discussions can be found in Feder (1988) Evertsz and Mandelbrot (1992), and Gouyet (1996) . capacity dimension is independent of q and provides global In a homogeneous system, the probability (P ) of a measure (or average) information of a system (Voss, 1988) . The D 1 is varies with scale L as (Chhabra et al., 1989; Evertsz and Man- related to the information or Shannon entropy (Shannon and delbrot, 1992; and Vicsek, 1992): Weaver, 1949) , and quantifies the degree of disorder present in a distribution, by measuring the way the Shannon entropy
{i.e., ͚(L ) log[(L )]} scales as L tends to 0. According to where D is a fractal dimension. For heterogeneous or nonuni- Gouyet (1996) and Andraud et al. (1994 Andraud et al. ( , 1997 for a measure form systems, the probability within the i th region P i scales as:
throughout all scales, whereas a D 1 close to 0 reflects a subset of the scale in which the irregularities are concentrated. The where ␣ i is the Lipschitz-Holder exponent or singularity D 2 is mathematically associated to the correlation function strength, characterizing scaling in the i th region (Feder, 1988 
and ␣ ϩ d␣ is found to scale as (Chhabra, et al., 1989; Hasley et al., 1986) :
where the equality D 0 ϭ D 1 ϭ D 2 occurs only if the fractal is statistically or exact self similar and homogeneous (Korvin,
1992). where f(␣) can be defined as the fractal dimension of the set of boxes with singularities ␣. The exponent ␣ can take on
MATERIALS AND METHODS
values from the interval [␣ Ϫ∞ , ␣ ϩ∞ ], and f(␣) is usually a single humped function with a maximum at df(␣(q ))/d␣(q ) ϭ 0,
Particle-Size Distributions
where q is the moment order of a distribution. Thus, when A total of 30 PSDs were analyzed. The database encomq ϭ 0, f max is equal to the box-counting or D 0 (Gouyet, 1996;  passed eight soils from the USA, 14 soils from Switzerland, Viksec, 1992). and eight soils sampled from different regions of the state of Multifractal sets can also be characterized on the basis of Sã o Paulo, Brazil. Five of the USA soils and the Swiss soils the generalized dimensions of the q th moment orders of a were taken from Bittelli et al. (1999) . The remaining three distribution, D q , defined as (Hentchel and Procaccia, 1983) :
PSDs from the USA soils were obtained for this study using a Leeds and Northrup MICROTRAC Standard Range particle-
size Analyzer (SRA) (Microtrac, Inc., Montgomeryville, PA). The analyzer reads wet and slurry mixtures from 0.20 to 704 where (q, L ) is the partition function defined as (Chhabra m. Soil samples were crushed and placed in a muffle furnace et al., 1989):
at 600ЊC for 12 to 16 h to burn the organic matter, and then dispersed using sodium hexametaphosphate (NaHMP). Parti-
cle-size distributions in Bittelli et al. (1999) , covering a size range from 0.12 to 1000 m, were obtained using a small-angle light scattering apparatus. For the Brazilian soils, a gamma ray The generalized dimension D q is a monotone decreasing funcattenuation method was used to obtain distribution of particle tion for all real q values within the interval [Ϫ∞, ϩ∞] . When sizes in the range from 2 to 250 m (Vaz et al., 1992; Oliveira q Ͻ 0, emphasizes regions in the distribution with less conet al., 1997; Naime et al., 2001 ). Percentages of clay, silt, and centration of a measure, whereas the opposite is true for q Ͼ sand of the soils in this study are summarized in Table 1 , and 0 (Chhabra and Jensen, 1989) . their distribution in the textural triangle is shown in Fig. 1 . The partition function scales as:
The textural triangle shows three groups following an increase
of either clay, silt, or sand while maintaining one of the fractions more or less constant ( Fig. 1) . Between 50 and 80 particlewhere (q ) is the mass or correlation exponent of the q th order size measurements were available in each PSD, covering the defined as (Hasley et al., 1986; Viksec, 1992) : range from 0.5 to 250 m (except for the Brazilian soils that were between 2.2 and 250 m), with the largest concentration
of measurements for particles smaller than 50 m. The connection between the power exponents f(␣) (Eq. [3]) and (q ) (Eq. [6]) is made via the Legendre transformation (Callen, 1985; Chhabra and Jensen, 1989; Hasley et al., 1986) :
Determination of Multifractal Parameters
We followed the method developed by Chhabra and Jensen
(1989) to calculate the f(␣)-spectrum because of its simplicity and, and accuracy when using experimental data. The distribution of a measure was evaluated within intervals of size L for different weights or moments q of the distribution. The normal-
ized measure i (q, L ) was expressed as: 
RESULTS AND DISCUSSION
[10] Values of the regression coefficients, R 2 , of the linear fit of the summation term of the right-hand-side of Eq.
where P i (L ) is the probability of finding a class-i measure in highest for q ϭ 0 and q ϭ 1 ( to 0.999 for q ϭ 1 (Table 2 ). For samples with Ͻ10% clay, the R 2 dropped to about 0.6 for both q ϭ -10 and q ϭ ϩ10. The drop of R 2 with higher q's was more
pronounced for samples with Ͼ10% clay. For a homogeneous system, the summation term of the right-hand
[12] side of Eq.
[11] is linear and with similar slopes for a wide range of q's (Les Berges, Fig. 2a ). For a multifractal
Cumulative mass size distribution curves were interpolated system, on the other hand, the linear behavior covers a using a spline technique, and the amount of mass determined limited range of scales and it changes for different q's for each interval of size L. The total number of points used (Dusk Red Latosol 1, Fig. 2b ) (Voss, 1988) .
to compute a multifractal spectrum varied between 120 and
The heterogeneity of a distribution can also be as- 
Berges, Fig. 3 ), whereas the opposite is true for an het-(L ) for all the values of q used (Chhabra et al., 1989; Evertsz and Mandelbrot, 1992) . The values of q considered were beerogeneous fractal (Dusk Red Latosol 1, Fig. 3 ). The sponding {f[␣(Ϫ1)] ϪD 0 } differences increased with clay Table 2 . Selected parameters from a multifractal analysis of particle-size distributions of the studied soils. is the entropy dimension. ‡ SSE is defined as the sum of the squared deviations of each observation around the expected value. ¶ ␣(Ϫ1) and ␣(0) are the Lipschitz-Hö lder-exponent for q ϭ Ϫ1 and q ϭ 0, respectively. § R 2 is the correlation coefficient.
contents (Fig. 4) , indicating that distribution heterogeneity also increases with clay content. The strong asymmetry of the f(␣)-spectrum of the Dusk Red Latosol 1 (Fig. 3) is the result of the high clay content (81.2%) of this soil concentrated in one measure (0-2.2 m). On the other hand, the spectrum of Les Barges soil ( The relative proportion of sand, silt, and clay affected the scaling properties of (q) vs. q. According to Eq. single fractal system characterized by one scaling exponent (homogeneous fractal). On the other hand, varivs. q plot (Korvin, 1992) . Typically, two nearly linear able slopes in a (q) vs. q relationship are indicative of sections defined trends for q Ͼ 0 and for q Ͻ 0 (Fig. 5 ). a multifractal (heterogeneous) system (Machs et al., Only soils within Group 1, characterized by clay con-1995). A special case of the latter systems is the bifractal tents Ͻ10% and variable sand and silt contents ( Fig. 1) , distribution, defined by two slopes dominating a (q) exhibited a nearly single linear trend of the (q) vs. q plots (Fig. 5a ). The three soils in the Group 2 (Ͻ25% silt and variable amounts of sand and clay) exhibited two distinctively different slopes for q Ͻ 0 and q Ͼ 0, with very little difference among soils (Fig. 5b) . Greater differentiation was obtained among soils in Group 3 (soils with sand content of Ͻ20% and variable contents of silt and clay), which had a larger range of variation in clay content than soils in the Group 2 (Fig. 5c ). The shape of the (q) vs. q plots suggests that soils in Group 1 are homogeneous fractal, whereas soils in Group 2 and 3 exhibit multifractal behavior. The well-defined slopes in the (q) vs. q plots suggest that two groups of particle sizes are responsible for the scaling properties of PSD, of which the clay-size fraction seems to be dominant.
Single and Multifractal Scaling
A single fractal is characterized by the equality of the values of D 0 , D 1 , and D 2 (see Eq.
[9]). Our data show causes of the scaling properties of soil PSDs, but a hypothesis can be advanced based on changes in entropy in an open system and their effect on a PSD. Soils are open systems tending to steady state conditions characterized by a minimum production of entropy (Addiscott, 1995) . Statistically, this means that as the entropy decreases a system becomes more ordered (Smeck et al., 1983) . In multifractal systems, the dimension D 1 is directly associated to the entropy of the system (Voss, 1988) . Consistent with the interpretation of entropy in an open system, we found that D 1 values decreased as the fraction of clay-sized particles increased above 10% and irregularities concentrate in that size domain (Table 2 and Fig. 6 ). A predominance of sand is associated with a single fractal dimension representing a random system of greater entropy than one dominated by clay. Bittelli et al. (1999) and Tyler and Wheatcraft (1992) have reported values of fragmentation fractal dimensions increasing with clay contents, but we believe this to be the first report on the trend of D 0 , D 1 , and D 2 for soil particle distributions covering a wide range of textural classes.
The results presented in this paper do not invalidate the fractal analyses done in the past, but it suggests that multifractal techniques provide additional information to characterize a distribution. Models based on single fractal are limited to PSDs with clay contents of Ͻ10%. Further studies including samples representing all regions of the textural triangle may refine the limits of applicability of single fractal models in soils. Multifractal analyses revealed PSDs with single and multifractal scaling. In general, multifractal parameters that this equality occurs for clay contents of Ͻෂ10% were related to clay content. A clay content of ෂ10% sep- (Fig. 6 ). For clay increasing beyond 10%, D 0 remains arated single from multifractal scaling. A further refinestatistically not different from 1.0 (P Ͻ 0.01), whereas ment in such study will be to redefine size boundaries both D 1 and D 2 decrease with increasing clay content.
of soil separates (e.g., in the size range between clay and In the region of dissimilar fractal dimensions, the values silt) based on their effect on the scaling of a distribution. of D 0 , D 1 , and D 2 follow the inequality represented in Eq. [9] . A more detailed study is needed to reveal the The entropy dimension, D 1 , is a useful parameter can 
